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Abstract
The relation between BRST cohomology and the N=1 supersym-
metric Yang-Mills action in 4 dimensions is discussed. In particular,
it is shown that both off and on-shell N=1 SYM actions are related
to a lower dimensional field polynomial by solving the descent equa-
tions, which is obtained from the cohomological analysis of linearized
Slavnov-Taylor operator B, in the framework of Algebraic Renormal-
ization. Furthermore we show that off and on-shell solutions differ
only by a B- exact term, which is a consequence of the fact that the
cohomology of both cases are same.
PACS codes: 12.60.Jv, 11.15.-q
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1 Introduction
Supersymmetric versions of renormalizable quantum field theories are fa-
mous for their finiteness properties due to the cancellations of ultraviolet
divergences [1] and since then these cancellations are verified by using the
superfield formalism in the superspace that displays all the simplifications
due to supersymmetry for various models [2].
In the component field formalism these non-renormalization theorems are
first derived in Wess-Zumino model by representing the interaction terms
as a multiple supervariation of a lower dimensional field monomial [3] and
a similar analysis is extended in Ref.[4] and [5] to SQED and N=1 SYM
cases respectively. These results show that the cohomological structure of
the supersymmetric models can be thought as the algebraic source of the
non-renormalization theorems, and therefore it is worthwhile to discuss this
structure not only for its own interest but also for its use in proving the
non-renormalization theorems.
When the cohomological structure of supersymmetric actions and in-
teraction terms are studied it is found that to construct these terms from
super-variations of lower dimensional field polynomials it is crucial to use
the supersymmetry algebra with auxiliary fields [6] 1. In other words, if
one begins with supersymmetric theories without auxiliary fields (the theo-
ries with on-shell supersymmetry), one encounters problems due to the fact
that supersymmetry algebra realized without auxiliary fields closes modulo
equation of motion terms. For instance when super Yang-Mills actions are
intended to be derived by using pure on-shell supervariations of lower dimen-
sional field monomials the resulting expressions differ from the original one
(that can be found by off shell variations) by equation of motion terms [6].
There is not a non-trivial way to restore these missing terms.
An elegant way to overcome the problem of above mentioned on-shell
closure of the algebra is to use Batalin-Vilkovisky formalism [8] that is often
called algebraic renormalization [9] where the anti-fields of the correspond-
ing fields are introduced to control the renormalizability of a theory. It is
well known that in this formalism the renormalization program reduces to
an algebraic discussion of the cohomology of a linearized Slavnov-Taylor op-
erator in the space of local field polynomials. The counter terms and the
1For a similar approach of constructing N=1 globally and locally supersymmetric ac-
tions and also for the discussion of anomalies, see [7].
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possible anomalies are then the solutions of this cohomology problem with
ghost number 0 and 1 respectively [9]. In this framework renormalization
of supersymmetric theories has been discussed for various supersymmetries
[10, 11, 12] by extending the BRST transformations to include supersymme-
try transformations 2 and it is shown that the on-shell closure of the algebra
can be rectified by adding some (none standard) quadratic terms in the anti-
fields of fermions to the action [10, 11, 12]. (See also [15])
In this paper our aim is to show that both off and on-shell supersym-
metric (extended) action of 4 dimensional N=1 super Yang-Mills theory can
be related to the lower dimensional field monomial trλλ by studying afore
mentioned (extended) BRST cohomology in the Algebraic Renormalization
framework.
Our strategy and results are as follows. After a brief description of the
theory and introducing the corresponding linearized Slavnov-Taylor operator
B, we study the solutions of descent equations which arise from the coho-
mological analysis of B. In particular, by solving these equations for ghost
number 0, we derive algebraic identities that relate the 3-dimensional gauge
invariant field monomial trλλ to both off and on-shell supersymmetric (ex-
tended) Yang-Mills actions. It is then found that these two solutions for off
and on-shell supersymmetric cases differ from each other only by a B-exact
term which shows that the BRST cohomology of both cases are the same.
The missing terms that are found by climbing up with pure on-shell super-
variations in Ref.[6] are then restored with the help of this B-exact term.
2 N=1 SYM Theory
We begin our analysis with the off-shell supersymmetric Yang-Mills theory
in Wess-Zumino gauge. The action,
SSYM =
1
g2
tr
∫
d4x{−
1
4
F µνFµν − iλD/λ¯ +
1
2
D2} (1)
contains the N=1 vector multiplet (Aµ, λ, λ¯,D) whose components transform
under the adjoint representation of the gauge group. 3 The action is invariant
2Such an extension of BRST transformations that includes rigid symmetries is first
introduced in [13]. The problem of how to extend the BRS formalism to include arbitrary
global symmetries can be found in Ref. [14].
3Throughout this paper we use Wess and Bagger conventions [16].
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under the following supersymmetry transformations:
δAµ = iθσµλ¯+ iθ¯σ¯µλ (2)
δλ = σµνθFµν + iθD , δD = −θD/λ¯+ θ¯D¯/λ (3)
where
δ = θαQα + θ¯α˙Q¯
α˙ (4)
and θ, θ¯ are the anti-commuting supersymmetry parameters. The algebra
reads
{Q ,Q} = 0 = {Q¯ , Q¯} , {Q , Q¯} = −2iσµDµ. (5)
Following the standard procedure [10, 11, 12, 9, 14], the extended BRST
generator s, that contains the supersymmetry transformations, can be de-
fined on the vector multiplet as
s := s0 − iξ
αQα − iξ¯α˙Q¯
α˙ (6)
where s0 is the ordinary BRST generator and since s0 is anti-commuting ξ, ξ¯
are taken to be commuting constant spinor parameters. On the other hand,
s0 carries ghost number and therefore, ξ, ξ¯ can be promoted to the status of
global ghosts that corresponds to the rigid supersymmetry.
The action of s on the vector multiplet reads:
sAµ =Dµc+ ξσµλ¯ + ξ¯σ¯µλ (7)
sλ = i{c, λ} − iσµνξFµν + ξD (8)
sλ¯ = i{c, λ¯} − iσ¯µν ξ¯Fµν − ξ¯D (9)
sD = i[c,D] + iξD/λ¯− iξ¯D¯/λ (10)
sc =
i
2
{c, c} − 2iξσν ξ¯Aν . (11)
Note that Faddeev-Popov ghost field c is asked to transform under super-
symmetry to close s2 on translations 4:
s2 = −2iξσν ξ¯∂ν (12)
4We could add the generator of translations inside s but since our aim is to work with
the integrated polynomials our definition will cause no problems.
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The action (1) is obviously invariant under s since it has both gauge and
supersymmetry invariance. The gauge freedom of the action is fixed in the
usual way by adding a trivial co-cycle5
Sgf = −tr
∫
d4xs(c¯∂µAµ) (13)
with the help of the trivial pair (c¯, b)
sc¯ = b , sb = −2iξσν ξ¯∂ν c¯ (14)
The action is further extended by introducing the anti-fields, that couple to
the s-transformations of the corresponding fields, in order to be able to write
Slavnov-Taylor (ST) identity :
Sext = tr
∫
d4x(A∗µsA
µ + λ∗sλ+ λ¯∗sλ¯+D∗sD + c∗sc) (15)
The total action is now given by,
I = SSYM + Sgf + Sext (16)
and satisfies the following ST identity,
S(I) = 2iξσν ξ¯∆ν (17)
where
S(I) = tr
∫
d4x(
δI
δA∗µ
δI
δAµ
+
δI
δλ∗α
δI
δλα
+
δI
δλ¯∗α˙
δI
δλ¯α˙
+
δI
δD∗
δI
δD
+
δI
δc∗
δI
δc
+ sc¯
∂I
∂c¯
+ sb
∂I
∂b
) (18)
and ∆ν is a classical breaking due to (12),
∆ν = tr
∫
d4x(A∗µ∂νA
µ − λ∗∂νλ− λ¯
∗∂ν λ¯+D
∗∂νD − c
∗∂νc). (19)
5Note that in the standard BV formalism, anti-fields of the trivial pair are also in-
troduced i.e. ΣA = {ϕa, c¯, b}, Σ∗A = {ϕ
∗
a, c¯
∗, b∗} where ϕa = {Aµ, λ, λ¯,D, }¸ so that
I = SSYM + tr
∫
d4xΣ∗AsΣ
A. Then the gauge fixing is done with the help of a gauge
fixing fermion Ψ by setting Σ∗A =
δΨ
δΣA
which gives a gauge fixing term Sgf . However,
since δΨ
δΣA
sΣA = sΨ, this is equivalent to adding a s-exact term to the orginal action (1).
See for instance [17].
In our work, gauge fixing term (13) corresponds to the choice Ψ = −tr
∫
d4xc¯∂µA
µ
(Landau gauge).
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that has no effect on the renormalization of the theory [9].
Note that, if the gauge invariance and supersymmetry was treated sep-
arately one would need an infinite number of sources (antifields) [18]. As a
matter of fact of collecting all the symmetries in a unique BRST generator
with the help of global ghosts, one avoids such an infinite number of sources.
Then the Ward Identities are transformed into a Slavnov-Taylor identity
that includes all these symmetries and Eq.(17) can be used to analyse the
renormalization of supersymmetric gauge theories [10, 11, 12].
The relevant object for cohomological analysis is the linearized ST oper-
ator,
BI = tr
∫
d4x(
δI
δA∗µ
δ
δAµ
+
δI
δAµ
δ
δA∗µ
+
δI
δλα
δ
δλ∗α
+
δI
δλ∗α
δ
δλα
+
δI
δλ¯α˙
δ
δλ¯∗α˙
+
δI
δλ¯∗α˙
δ
δλ¯α˙
(20)
+
δI
δD
δ
δD∗
+
δI
δD∗
δ
δD
+
δI
δc∗
δ
δc
+
δI
δc
δ
δc∗
+ sc¯
∂
∂c¯
+ sb
∂
∂b
)
which reads
BIφ = sφ , BIφ
∗ =
δI
δφ
(21)
where φ denotes collectively all the fields and φ∗ the corresponding anti-fields.
The crucial property of BI is that it satisfies the following algebraic rela-
tion that is derived with the help of eq.(17):
BIBI = −2iξσ
ν ξ¯Pν (22)
Pν =
∑
tr
∫
d4x(∂νφ
∂
∂φ
+ ∂νφ
∗
∂
∂φ∗
) (23)
The on-shell case is obtained , as usual, by eliminating the auxiliary field
D with its equation of motion, that is D = 0 for pure SYM theory. The
extended BRST transformation s˜ is given now by
s˜ = s|D=0 (24)
and since, for on-shell case supersymmetry algebra (5) holds only modulo
equations of motion of fermions, s˜2 also closes on translations modulo equa-
tions of motion
s˜2 = −2iξσν ξ¯∂ν (modulo eq. of motion of λ, λ¯). (25)
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However, it is still possible to have a Slavnov-Taylor operator that also
squares to a boundary term by adding a quadratic term in the anti-fields
to the extended action (16). For N=1 SYM it is found to be:
Squad = −
1
2
g2tr
∫
d4x(ξλ∗ − ξ¯λ¯∗)2 (26)
The total classical action now reads,
I˜ = SSYM |D=0 + Sgf + Sext|D=0 + Squad (27)
and as a consequence, relations (18) and (20) take the form.
S(I˜) = 2iξσν ξ¯∆˜ν (28)
BI˜BI˜ = −2iξσ
ν ξ¯P˜ν (29)
for ∆˜ν = ∆ν |D=0 , P˜ν = Pν |D=0. This fact is not surprising since the combi-
nation g2(ξλ∗ − ξ¯λ¯∗) exactly behaves like the auxiliary field D i.e.,
BI˜λ = s˜λ+ g
2ξ(ξλ∗ − ξ¯λ¯∗) , BI˜ λ¯ = s˜λ¯− g
2ξ¯(ξλ∗ − ξ¯λ¯∗) (30)
BI˜g
2(ξλ∗ − ξ¯λ¯∗) = BID|D=g2(ξλ∗−ξ¯λ¯∗) (31)
3 The Construction of the Action from the
Cohomology of ST Operator
The starting point of analysing the cohomology of the operator 6 B is to note
that when its action is restricted on the space of integrated polynomials, the
r.h.s. of equations (22) and (29) become a total derivative. Therefore, if
one assumes that there is no boundary contribution, B becomes a nilpotent
operator on this space and therefore the equation
B
∫
d4xX = 0 (32)
constitutes a cohomology problem on the space of integrated local polyno-
mials of fields and anti-fields. It is well known that the non-trivial solutions
(that are not a trivial co-cycle, X 6= BX ′) with dimension four, vanishing
6For the following discussion, B will stand for both BI and BI˜ .
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R-charge and the ghost number 0 and 1 are directly related with the coun-
terterms and the anomalies respectively, in the Algebraic Renormalization
method [9].
We can derive the descent equations by taking the local version of equa-
tion (32):
BX0 = (ξ¯σ¯µ)
α∂µX1α (33)
The (ξ¯σ¯µ) factor in front of the derivative is assumed to appear due to su-
persymmetry algebra. The second of descent equations is found by applying
B to equation (33) and using the local version of equations (22) and (29). It
reads
BX1α = −2iξαX0 + (ξ¯σ¯µ)
β∂µX2αβ (34)
where here it is crucial that X2αβ is anti-symmetric in its spinor indices. Sim-
ilarly taking a further B variation of equation (34) third of descent equations
is obtained as:
BX2αβ = 2iξαX1β − 2iξβX1α (35)
Descent equations terminate at this level since a rank 3 anti-symmetric tensor
in spinor indices is zero identically.
Solutions of the lowest descent equation (35) can be found by using the
symmetry content of the theory. For this purpose we summarize the dimen-
sion, ghost number and the R-charges of the fields, anti-fields, ghosts and
the operator B in table 1.
Aµ λ D c c¯ b ξ A∗µ λ
∗ D∗ c∗ B
d 1 3/2 2 0 2 2 -1/2 3 5/2 2 4 0
GP 0 1 0 1 1 0 0 1 0 1 0 1
Gh 0 0 0 1 -1 0 1 -1 -1 -1 -2 1
R 0 -1 0 0 0 0 -1 0 1 0 0 0
Table 1: Dimensions d, Grassmann parity GP , ghost number Gh and R-
weights.
Since our aim is to show that the N=1 SYM action belongs to the co-
homology of B we will concentrate on a gauge invariant solution X0 that
has dimension 4 with vanishing ghost number and R-charge and Grassmann
even. Therefore a solution X2 of eq.(35) have dimension 3, R-charge -2. The
only field polynomial satisfying these conditions is tr(λλ) and the solution
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with desired index structure to the descent equation (35) is obtained as
X2αβ = kǫαβtr(λλ) (36)
for both off and on-shell cases where k is a constant. Here it is important to
note that the solution of the lowest descent equation (35) is proportional to
the lowest component of the multiplet that the action belongs. This is related
to the fact that the number of descent equations depends on the structure of
global ghosts ξα, ξ¯α˙ and therefore to supersymmetry.
The solution X1 can be directly read from the r.h.s. of equation (35) after
substituting (36). The off-shell solution is found to be
X off1α = iktr(−iσ
µν β
α λβFµν − λαD) (37)
and the on-shell one as
X on1α = iktr{−iσ
µν β
α λβFµν − g
2(
1
2
λαξλ
∗ +
1
2
λ∗αξλ− λαξ¯λ¯
∗)} (38)
However, due to the commuting nature of ξ adding a term proportional to
ξα with correct quantum numbers and dimension to X1α will not affect the
l.h.s. of (35). We choose this term to be
X t1α =
i
2
g2kξαtrλ
∗λ (39)
in order to have a similar solution with X off1α when D and g
2(ξλ∗ − ξ¯λ¯∗) are
interchanged:
X˜ on1α = X
on
1α + X
t
1α = iktr{−iσ
µν β
α λβFµν − λαg
2(ξλ∗ − ξ¯λ¯∗)} (40)
Finally by substituting X off1α and X˜
on
1α to equation (34) we end up with
the desired results for both off and on-shell supersymmetric cases:
X off0 = ktr{−
1
4
F µνFµν −
i
8
ǫµνλκFµνFλκ − iλD/λ¯+
1
2
D2} (41)
X on0 = ktr{−
1
4
F µνFµν −
i
8
ǫµνλκFµνFλκ − iλD/λ¯+
1
2
g4(ξλ∗ − ξ¯λ¯∗)2} (42)
and since the topological term − i
8
ǫµνλκFµνFλκ can be written as a total
derivative we get the following relations between the solutions of equation
(32) and the extended actions (16) and (27)∫
d4xX off0 = k
d
dg−2
I ,
∫
d4xX on0 = k
d
dg−2
I˜ (43)
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from which we conclude that dI
dg−2
and dI˜
dg−2
are the invariant counterterms
and that they belong to the cohomology of BI and BI˜ , in the space of local
functionals depending on the coupling constant g.7 This result is in agree-
ment with that of Ref.[12].
On the other hand, above solutions (36-42) of the descent equations can
be related to each other with a climbing up operator. For this purpose we
filter the operator B with respect to supersymmetry ghost ξ as
N = ξα
δ
δξα
; B =
∑
Bn , [N ,Bn] = nBn (44)
which leads to the algebra
B20 = 0 (45)
{B0,B1} = −2iξσ
µξ¯∂µ (46)
{B0,B2}+ B
2
1 = 0 (47)
B22 = {B1,B2} = 0 (48)
We further define the operators β and Qα with respect to the following
expansion of B 8
B = δ + ξ¯α˙Y¯
α˙ + ξαYα + ξ¯α˙ξ
αZ α˙α +
1
2
ξ¯α˙ξ¯β˙X¯
α˙β˙ +
1
2
ξαξβXαβ (49)
β = B0 = δ + ξ¯α˙Y¯
α˙ +
1
2
ξ¯α˙ξ¯β˙X¯
α˙β˙ (50)
ξαQα = B1 + B2 = ξ
α(Yα + ξ¯α˙Z
α˙
α +
1
2
ξβXαβ) (51)
By using the above algebra and definitions, we see that the lowest descent
equation separates into two,
βX2αβ = 0 (52)
and
ξγQγX2αβ = 2iξαX1β − 2iξβX1α (53)
Note that the equation (51) indicates that the operator Qα can be used as a
kind of climbing up operator. Indeed, after some algebra it is found that the
7The arbitrary coefficient k here, can be thought as a parameter corresponding to a
possible renormalization of the coupling constant g.
8Obviously Zon 6= Zoff and in the case of off-shell supersymmetry Xoffαβ = 0 = X¯
off
α˙β˙
.
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solutions of descent equations (33-35) are algebraically related to each other
as
QγX2αβ = 2i(ǫαγX1β − ǫβγX1α) (54)
QαX1β = 2iǫαβX0 (55)
and we get the following lift from the bottom to the top:
QαQβX2αβ = −8X0 (56)
Therefore off and on-shell extended actions can be related to the lower
dimensional field monomial trλλ as a consequence of the relation (56) for
k = 1
g2
:
−
1
2
g
d
dg
I = SSYM
= −
1
8g2
QαQαtr
∫
d4xλβλβ (57)
−
1
2
g
d
dg
I˜ = SSYM |D=0 − Squad
= −
1
8g2
QαQαtrλ
βλβ −
1
4
BI˜tr
∫
d4xλ∗α λα . (58)
which shows that both off and on-shell supersymmetric SYM actions can be
constructed from 3 dimensional field monomial trλλ.
The difference between equation (57) and (58) is a B exact term. This
result can be related to the theorem that local BRST cohomologies of two
formulations of the same theory differing in auxiliary field content are same
[19]. Moreover, note that climbing up from trλλ with the chiral (or anti-
chiral) part of ordinary on-shell supersymmetry transformations gives an
action modulo equation of motion term [6]. Here this missing term is restored
by adding a B-exact term including the anti-field λ∗ since a B transformation
of an anti-field includes the equation of motion of the corresponding field in
a well defined way due to eq.(21) 9.
9This part of the operator B is often called in the literature Koszul-Tate differential.
See Ref. [20] for its importance for BRST cohomological calculations.
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4 Conclusion
In conclusion, we have seen that the relations (57) and (58) imply the above
method of working the BRST cohomology through the descent equations,
gives the relation between the action and the lowest component of the mul-
tiplet that the action belongs in an elegant way for both off and on-shell
supersymmetric cases. This method can also be extended for the N=2 SYM
theory and we believe that it can provide a natural and simpler way of prov-
ing the non-renormalization theorems of various supersymmetric Yang-Mills
theories.10.
Finally, it is worthwhile to remark that for on-shell supersymmetric case
certain combination of anti-fields, here g2(ξλ∗− ξ¯λ¯∗), behaves exactly as the
auxiliary field for the solutions of all levels of descent equations. (Note also
the sign of Squad in eq.s (27) and (42,58).) This observation also holds for the
N=2 case. It can be interesting to find out if this fact can be used to obtain
an off shell formulation of the supersymmetric theories where the auxiliary
field content is not known, such as N=4 SYM theory.
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